We investigate the use of two kinds of staggered fermion operators, smeared and unsmeared. The smeared operators extend over a 4 4 hypercube, and tend to have smaller perturbative corrections than the corresponding unsmeared operators. We use these operators to calculate kaon weak matrix elements on quenched ensembles at β = 6.0, 6.2 and 6.4. Extrapolating to the continuum limit, we find B K (N DR, 2 GeV) = 0.62 ± 0.02(stat) ± 0.02(syst). The systematic error is dominated by the uncertainty in the matching between lattice and continuum operators due to the truncation of perturbation theory at one-loop. We do not include any estimate of the errors due to quenching or to the use of degenerate s and d quarks. For the ∆I = 3/2 electromagnetic penguin operators we find B (3/2) 7 = 0.62 ± 0.03 ± 0.06 and B (3/2) 8 = 0.77 ± 0.04 ± 0.04. We also use the ratio of unsmeared to smeared operators to make a partially non-perturbative estimate of the renormalization of the quark mass for staggered fermions. We find that tadpole improved perturbation theory works well if the coupling is chosen to be α MS (q * = 1/a).
Introduction
An important goal of lattice QCD is to provide reliable calculations of electroweak matrix elements. The major sources of error in present calculations are the use of finite lattice spacing, the use of one-loop perturbation theory to match continuum and lattice operators, and the use of the quenched approximation [1] . In this paper we address the first two errors for calculations using staggered fermions. In particular, we test the efficacy of "smeared" operators [2] . These extend over a 4 4 hypercube, and thus are larger than the usual ("unsmeared") operators which are confined to a 2 4 hypercube. Nevertheless, in many cases they are closer to the continuum operators in the sense that the one-loop matching coefficients are closer to unity.
We apply these operators to the study of three quantities. The first is the kaon Bparameter, B K , which we study using both smeared and unsmeared operators. The initial motivation for introducing smeared operators was the discovery of large discretization errors in the results for unsmeared operators [3, 4] . At the time, it was unclear whether the discretization errors were proportional to the lattice spacing a or to a 2 (up to logarithmic corrections). The smeared operators were designed to reduce possible O(a) errors-they match onto continuum operators with no errors of O(a) at tree level. It was subsequently realized that the O(a) parts of the lattice operators do not contribute to B K , and that the errors are automatically of O(a 2 ) for both the unsmeared and smeared operators [5, 6, 7] . This theoretical argument has since been tested numerically [7, 8] . Thus the interest in using the smeared operators is that they provide an estimate of the error in the matching of continuum and lattice operators. The results from different operators should differ at finite a, but agree upon extrapolation to a = 0, up to higher order perturbative corrections.
Preliminary results from this study of B K were presented in Ref. [5] , and one of our purposes here is to present final results. Although, by present standards, these come from a small statistical sample, the errors are nevertheless small enough to assess the impact of smeared operators. We have also improved our estimates of the error due to the truncation of the perturbative matching factors, using the method introduced in Ref. [9] .
Our second application is the calculation of B
3/2 7
and B 3/2 8 . These B-parameters, and in particular B 3/2 8 , determine the size of the electromagnetic penguin contribution to ǫ ′ . In contrast to B K , the use of staggered fermions for these quantities offers no clear advantage over Wilson fermions. However, since the systematic errors in the results with the two types of fermion are different, an important check of the reliability of the lattice calculations is to show that the two formulations give consistent results in the continuum limit. To this end we compare the staggered data with the recent results obtained using Wilson fermions at β = 6/g 2 = 6 in the quenched approximation [9] . The calculation of B demonstrates the importance of using several discretizations of continuum operators. It turns out that one cannot use the unsmeared operators because the one-loop correction to the matching coefficients approaches 100% [10] . On the other hand, the one-loop corrections are much smaller for the smeared operators (∼ 25%), and we can use them to calculate B
and B 3/2 8 . The only way in which one could use the unsmeared operators would be to develop a non-perturbative method of determining the matching coefficients (which is possible in principle using external quark states [11] ).
Our final application concerns the calculation of the matching relation between the lat-tice and continuum regularization schemes, particularly in cases where the reliability of perturbative estimates is questionable. The ratio of such matching factors for two different discretizations of an operator can be estimated non-perturbatively by taking ratios of appropriate matrix elements. The non-perturbative results so obtained can be used to test the reliability of the one-loop perturbative estimates. In particular, one can use the results to fix the scale q * at which to evaluate the coupling constant entering into the perturbative expressions. For the pseudoscalar density we find that q * ≈ 1/a. Our conclusions are, however, preliminary, since we do not have results at enough values of lattice spacing to check the extrapolations we use to remove discretization errors.
We use this method to assess the reliability of the matching factor, Z m . Z m relates the bare lattice mass to the continuum mass in, say, the MS scheme, and is a crucial ingredient in the calculation of continuum light quark masses from the lattice. Recent work has suggested that continuum quark masses are smaller than previously thought, but this is based on trusting one-loop perturbation theory for Z m [12] . For staggered fermions, the one-loop contribution to Z m is large, roughly a 60% correction at β = 6, even after tadpole improvement [2] . This casts doubt on the reliability of the perturbative Z m , and therefore also on the extracted value of quark masses. We find, however, that our partly non-perturbative estimate suggests that the one-loop evaluation is close to the correct answer.
The organization of this paper is as follows. In the following section we describe the method we use to match continuum operators to lattice operators composed of staggered fermions. In sec. 3 we give a short description of the numerical methods and data sample. The three subsequent sections contain our analysis and results for B K , B 3/2 7,8 , and the nonperturbative ratios of matching factors, respectively. We close with some conclusions.
Theoretical Review
In this section we explain our method of calculating B-parameters using staggered fermions. This requires combining a variety of results already in the literature, and we focus here only on the essential details. For a more extensive description of the method see Ref. [13] .
The continuum operators of interest are
where a, b are color indices and γ R,L µ = γ µ (1 ± γ 5 ). All operators are in Euclidean space, and we use hermitian Gamma matrices. The superscripts on Q 7, 8 indicate that these are the I = 3/2 parts of the operators Q 7,8 , i.e. the I = 1/2 component has been removed. We make this restriction because the calculation of the matrix elements of the I = 3/2 parts is much simpler. In the limit of exact flavor SU(3), which is the limit we work in here, the I = 3/2 parts give rise only to "eight" diagrams, i.e. those in which the quark fields in the operator are contracted with fields in the external mesons. These are the same type of diagrams which contribute to the matrix element of Q K . The I = 1/2 parts, by contrast, give rise also to "penguin" or "eye" diagrams, which are much more difficult to calculate. The restriction to the I = 3/2 parts of Q 7,8 does not, however, diminish the phenomenological interest in the results, because Q 3/2 7,8 are the only operators which give an imaginary part to the
To form B-parameters we also need the matrix elements of the axial and pseudoscalar densities,
We can then define
All external particles have been assumed to be at rest. For brevity, we have used SU(3) flavor symmetry to rewrite all the denominators in terms of kaon matrix elements. Note that, in general, both numerators and denominators of these ratios depend upon the renormalization scale µ and the scheme used to define the operators. When quoting physical values we use the NDR scheme, i.e. MS renormalization combined with a particular set of rules for treating γ 5 away from four dimensions, and choose the renormalization scale to be µ = 2 GeV. The extraction of the above matrix elements using staggered fermions is complicated by the mixing between the spin and flavor degrees of freedom. As explained in Refs. [10, 13] , we proceed in two stages. We first match the continuum matrix elements onto those in an "enlarged" continuum theory, and then match from that theory onto the lattice. The enlarged theory differs from QCD by having eight copies of each physical quark. The eight copies of the strange quark spinor are collected into two 4 × 4 matrices S β,b and S ′ β,b , where β is a spinor index, and b = 1 − 4 is a "staggered-flavor" index. Similar fields are constructed for the up and down quarks. The correspondence between matrix elements in the continuum and in the enlarged theory is
We have used flavor symmetry to rewrite all matrix elements in terms of those between external kaon states. The notation for matrix elements in the enlarged theory is that of Refs. [2, 10] , and we give only a brief summary. The matrices appearing in bilinears are tensor products of spin and staggered-flavor matrices. For example, (γ 5 ⊗ ξ 5 ) indicates a pseudoscalar density with staggered-flavor matrix γ 5 . The states |K 0 G and |K
′0
G are those created from the vacuum byD(γ 5 × ξ 5 )S andD ′ (γ 5 × ξ 5 )S ′ , respectively. The states are normalized, which leads to the factors of N f = 4, the usual multiplicity factor for staggered fermions. The subscript G indicates that these states are the pseudo-Goldstone bosons corresponding to the axial U(1) symmetry which is unbroken when one discretizes the enlarged theory using staggered fermions and takes the chiral limit. The notation for four-fermion operators is from Ref. [10] . For example, [(V − A) × P ] I represents the one color loop contraction of the four-fermion operator with spin structure γ µ · γ µ − γ µ γ 5 · γ 5 γ µ , and in which both bilinears have staggered flavor γ 5 . Finally, the factor of 2 on the r.h.s. of Eq. (12) arises from the difference in the number of Wick contractions in QCD and the enlarged theory due to the use of "primed" quarks in the latter theory.
All these equalities hold identically between the quenched versions of the two theories. In the presence of internal fermion loops, they hold if, in the enlarged theory, each loop is multiplied by 1/8, i.e. the fermion determinant is taken to the power 1/8. The next step is to relate the operators in the enlarged continuum theory to those in the corresponding lattice theory. The enlarged theory has been chosen so that it is the continuum limit of a discretized theory in which one uses a single staggered species for each 4 × 4 matrix field, e.g. χ S for S and χ S ′ for S ′ . This means that the relation between operators is simple at tree level. For example, using the notation of Ref. [2] ,
Here (γ 5 ⊗ ξ 5 ) is that matrix in the space of possible positions in a 2 4 hypercube which corresponds to the continuum spin-flavor matrix (γ 5 ⊗ ξ 5 ). Similar relations hold for the four fermion operators [10] .
In this paper we use one-loop perturbation theory to match operators in the enlarged continuum theory to those on the lattice. In other words, we include the terms of O(α s ) in equations such as (15) . More precisely, we use the "horizontal matching" procedure discussed in detail in Ref. [9] . This consists of two steps. We first match the lattice and continuum operators at an intermediate scale q * ∼ 1/a using
Here O lat i are bare lattice operators, γ (0) is the one-loop anomalous dimension matrix, and the c ij are the one-loop matching coefficients. We give, below, numerical values for the c ij of interest. The second step is to evolve the result from q * to the final scale µ = 2 GeV using the continuum two-loop anomalous dimension matrix. The two-loop anomalous dimensions for the continuum operators of interest are collected in Ref. [9] , and we do not repeat them here.
The point of this procedure is to account for the fact that there are two scales in the problem: the matching scale q * ∼ 1/a, and the final scale µ. These can differ substantiallyindeed the ratio q * /µ can be as large as 10 in our calculation. The coupling constant can thus be quite different at the two scales, and it is important to make sure that the appropriate coupling is used at each stage. Furthermore, it becomes necessary to sum up the leading logarithms of q * /µ. Both of these requirements are accomplished by horizontal matching. The scale in the coupling in the first step should be q * , and the renormalization group evolution in the second step sums up the leading logarithms. Of course, since we truncate perturbation theory, there are errors in both steps. In the matching relation (16) . We note, however, that the errors from the continuum evolution are the same for any choice of lattice discretization of the continuum operator. This point will be important in our discussion of results for B K using different lattice operators.
4
To use horizontal matching we need to choose the intermediate matching scale q * . If one worked to all orders in perturbation theory, the final result would be independent of q * . This is not true if one truncates perturbation theory: different choices lead to results differing by
. One should choose q * to be, roughly speaking, the average momentum flowing through the quark-gluon vertices in the matching calculation [16] . It is difficult, however, to make this into a precise prescription for matching calculations involving operators with non-zero anomalous dimensions. The only method we know of was proposed in Ref. [9] , and involves applying the BLM prescription of Ref. [17] to the calculation of the two-loop lattice anomalous dimension matrix. This calculation has not been done, and so we have chosen to use a range of values for q * . Since the lattice and continuum operators are constructed to have the same matrix elements at long distances, the dominant contributions to the matching calculation are from momenta near the lattice cut-off (as long as the continuum renormalization point is also of this size). Thus we take q * = K/a with K a constant. Since we use tadpole improved operators we expect that K ≈ 1 rather than K ≈ π, as explained in Ref. [16] . So we have chosen q * = 1/a for our central values, and used q * = π/a in order to estimate the uncertainty due to the truncation of perturbation theory.
5 This is certainly a crude estimate, but it is the best that we can do.
In our preliminary analysis of B K we did not use horizontal matching, but rather used the one-loop matching relation Eq. (16) connect directly from the lattice to the final scale µ [5] . To estimate the truncation error we took the difference between the results of using α s (µ) and α s (q * ) in the matching equation. Our present methods both of matching and of estimating the truncation error are more reliable, although, as we will see below, the final answer is little changed.
The MS coupling constant appearing in Eq. (16) is determined using the method of Ref. 4 For further discussion of horizontal matching, and in particular of its relation to the exact matching formula of Ji [15] , see Ref. [9] .
5 Reference [16] advocates the use of a different coupling constant, α V , rather than α MS . α V is defined in terms of the quark-antiquark potential. We prefer to use α MS because this is the scheme used in continuum calculations of coefficient functions, and the matching formulae are simpler if one uses the same coupling in the continuum and on the lattice. The two couplings are quite similar-our choice of q * = 1/a in the MS scheme corresponds to using α V (1.6/a). This is indeed a typical value for q * for tadpole improved quantities.
[16], which incorporates tadpole improvement. We first solve
for α V , where 2 is the expectation value of the plaquette normalized to be unity in the continuum limit. We then convert to the MS scheme using
This coupling is then run to other scales using the two-loop β-function.
The lattice operators we use are of two types: the standard operators, which are contained in 2
4 hypercubes (and which we refer to as "unsmeared" operators); and the "smeared" operators introduced in Ref. [2] , which live on 4 4 hypercubes. The smeared operators have the same form as the unsmeared, except for the replacement
where y is the position of the origin of the 2 4 hypercube, and A is the position within the hypercube. This definition makes the average position of the quark field lie at the center of the hypercube, which is why there are no O(a) corrections when matching to the continuum operator at tree level. Both types of operator are made gauge invariant by fixing to lattice Landau gauge. Both are also tadpole improved, using the mean link determined from the plaquette, u . This is because the O(a) parts have the wrong staggered-flavor [5, 14] , and by using staggered flavor ξ 5 for the incoming and outgoing states we project against them up to errors of O(a 2 ). For the same reason, we need only include in the matching equations those operators which have the correct staggered-flavor. This is fortunate, since typically many operators of the wrong flavor are needed to match the continuum operators.
The matching matrices c ij for all continuum operators of interest, and for both smeared and unsmeared lattice operators, can be determined from the results of Ref. [10] . When doing this one must be careful to account for the following three issues. First, the numerical results for the c ij are quoted in Ref. [10] for continuum operators defined in the DREZ ′ , rather than the NDR, scheme. Thus one must convert between these schemes, and a recipe for doing so is given in [10] . Second, tadpole improvement in [10] is based on the average trace of the link in Landau gauge, rather than on the average plaquette which we use here. This causes a small change in the coefficients
where N B = 1 for bilinears and N B = 2 for four fermion operators. Third, the coefficient of the logarithm in the matching equation (16) has been changed from q * a/π to q * a. This shifts the c ij of Ref. [10] by γ (0) ij ln π. This change allows one to see the size of the matching corrections for our standard value q * a = 1 directly from the size of the c ij .
As the procedure for calculating the matching coefficients is rather involved, we collect here the relevant parts of the final results. For the bilinears, the matching involves no mixing, only multiplicative renormalization. The results are
Here c A is a shorthand for the diagonal coefficient for the axial density, etc., and the superscript refers to whether or not the quark fields are smeared. These coefficients are multiplied by α MS (q * )/4π, which, in our calculation, varies in the range 0.01 − 0.015. Thus these corrections are numerically small for the axial currents, (∼ 1%), and of moderate size for the smeared pseudoscalar density (∼ 10%). For the unsmeared pseudoscalar density, however, they are large (∼ 50%), suggesting that two-loop terms will be important. This is an example of the advantage of using smeared operators.
For the four-fermion operators of interest here, we can decompose the matrices of matching coefficients into two parts. The first is a square matrix with indices running over operators
for which we find 
These coefficients are needed for all three B-parameters, and the corrections are of moderate size for both smeared and unsmeared operators. The second matrix we need is rectangular, having indices
For this we find 
These results are needed for B 
Numerical details
Our results are based on ensembles of lattices at three different lattice spacings. A summary of the important parameters is given in Table 1 . The lattices at β = 6 are part of a sample previously used to study the hadron spectrum, and a complete description of how we generated the lattices and calculated quark propagators can be found in Ref. [18] . The lattices at β = 6.2 and 6.4 have been discussed previously in Refs. [3, 19] . They were generated using overrelaxed and Metropolis sweeps in a 4:1 ratio, and separated by 1000 sweeps. They were divided roughly equally into two independent streams at β = 6.2, and three at β = 6.4. Quark propagators were calculated using the conjugate gradient algorithm.
We consider here only pions composed of two degenerate quarks. For the quark masses that we use, the masses of the lattice pions bracket that of the physical kaon at each β. To illustrate this we include in the table the mass of the lightest pion, converted to physical units using 1/a determined from m ρ . These scales, also listed in the table, have been previously reported by one of us from a fit to the hadron spectrum [19] . We refer to these below as the "m ρ scales".
We also give the values of α MS needed in the one-loop matching between lattice and continuum operators. These are obtained using Eqs. (17) and (18) from the plaquette values listed in the table. Since in the end we run our results to 2 GeV, a consistency check on the applicability of tadpole improved perturbation theory is that the values of α MS (2 GeV) agree for different β. The table shows that they are in reasonable agreement, although there is a small systematic increase as a decreases.
This systematic dependence on a suggests using a different set of scales, defined so that α MS (2 GeV) is independent of a. We choose α MS (2 GeV) = 0.190, and the resulting scales are listed in the last row of the table. We refer to these below as the "α scales". We use these scales to determine our central values for matrix elements, and use the m ρ scales to estimate the error introduced by the uncertainty in determining a.
Our method for calculating B-parameters was developed for calculating B K with staggered fermions [20] . It has also been used for Wilson fermions [21] . A detailed description of the latter application, and the extension to other operators is given in Ref. [9] . Here we confine ourselves to a brief description of the features which are special to the present work.
The essential feature of the method is the use of wall sources (i.e. sources confined to a single time-slice and extended over the entire timeslice), which are designed to create particles with specific quantum numbers. In the current applications we want to create only the lattice pseudo-Goldstone pion at rest, and this can be accomplished using a linear combination of two wall sources, as explained in Ref. [18] . The only other states created are rho mesons and excited pions (π ′ ). Both of these are, however, considerably more massive than the pseudo-Goldstone pion, and their contribution can be largely removed by moving far enough away from the source in Euclidean time.
The basic method is then to calculate ratios such as
Here the operators are the lattice versions of the continuum operators obtained after the matching explained in the previous section has been carried out. The wall sources are denoted by W and are located at times t 1 and t 2 . The operators are placed at an intermediate time t satisfying t 1 ≪ t ≪ t 2 , and are summed over the V y spatial hypercubes. Finally, the expectation values in Eq. (30) are averages over quenched configurations. The expression in Eq. (30) is designed so that for large enough t − t 1 and t 2 − t it is independent of t, and gives B K directly. The point is that the exponential factors from Euclidean time evolution cancel if only a single state, here the pseudo-Goldstone pion, contributes. This has to be true separately for the numerator and denominator, i.e. both must exhibit a "plateau" over intermediate times in which they are independent of t. Thus the signal can be improved by averaging the numerator and denominator over the time-slices in this plateau. This is what we do in practice, using the same range of times for both numerator and denominator.
This method has several positive features. First, it involves no fitting. Second, statistical errors are reduced by directly calculating B-parameters rather than the matrix elements themselves. Third, the ability to average over all the spatial points and over a number of time slices improves the statistics. This is possible because we know the propagator from the wall sources to all points in the lattice. For the same reason, we can calculate matrix elements of non-local operators without additional quark propagators. And, finally, we can use the same set of quark propagators to calculate matrix elements with different choices of lattice operator. The latter two features are particularly important for staggered fermions where most operators are non-local. If we placed the source of the propagators at the position of the operators we would need 2 4 sources for unsmeared operators (4 4 for smeared operators). To calculate statistical errors, we use single elimination jackknife in the following manner. On each jackknife sample, we first match at the scale q * , then linearly interpolate the results to physical kaon mass, and then evolve to the final scale µ = 2 GeV, and, finally, take the ratio which defines the B-parameter. The error is then obtained from the variation between samples.
We end this section with some details specific to our particular lattices.
• At β = 6, we use wall sources in Coulomb gauge, while on the other lattices the sources are in Landau gauge. The choice of gauge should have no impact on the final result (as long as the non-locality introduced by the gauge fixing does not extend from the source to the operator [18] ) but might affect the statistical errors.
• At β = 6, we use periodic boundary conditions (PBC) in space, and Dirichlet bounday conditions in time. We place the wall sources next to the boundary, i.e. at t 1 = 0 and t 2 = 39. The merits of this procedure have been discussed in Ref. [18] . We only note here that we use a plateau region of t = 10 − 29.
• The lattices at β = 6.2 and 6.4 have too short an extent in time to follow the method adopted at β = 6. Instead we use PBC in all four directions, having first periodically doubled the lattice in time. We place wall sources at t 1 = 0 and t 2 = 72, and use the plateau region t = 32 − 40. Note that the propagator with source at t 1 = 0 (t 2 = 72) is, due to the PBC and doubling of the lattice, the same as if the source was at t 1 = 48 (t 2 = 24). Because of this, and the fact that each source produces pions propagating in both forward and backward directions, we can make a second measurement with the plateau region at times t = 8 − 16. We treat these two results as independent in our jackknife error analysis.
To study possible sources of systematic errors due to contamination from excited states or "off-shell" matrix elements we have also made the following measurements. Taking the same two wall sources to lie at t 1 = 0 and t 2 = 24 we use the region t = 32 − 40 to obtain an estimate of the "off-shell" matrix elements, i.e. those in which both of the pions approach the operator from the same side. Placing the sources at t 1 = 0 and t 2 = 48, and considering the plateau region at t = 23−24, we get an estimate of the onshell matrix elements having a greater contamination from excited states, but a smaller contribution from off-shell matrix elements. Further discussion of these constructions and the associated systematic errors is given in Ref. [3] . In practice, we find that the various methods yield very similar results for the B-parameters we consider, and that these sources of error are considerably smaller than others as discussed later. 7 Thus we give no further details. (13) 1.018(32) Ratio UN/SM π/a 1.044(11) 1.021 (14) 0.991(34) Table 2 : Results for B K (NDR, 2 GeV) at the physical kaon mass, using the α scales. "UN" and "SM" refer to unsmeared and smeared operators, respectively.
Results for B K
Using the methods described in the previous two sections we extract the continuum B K at µ = 2 GeV for each lattice spacing. The only feature of the analysis not discussed above is the interpolation to the physical kaon mass. This we do by fitting B K itself (for our three mass points) to a linear function of the squared lattice kaon mass, m 2 K,lat . This is reasonable for staggered fermions because chiral symmetry constrains B K to have the same form as in the continuum and in particular to be finite in the chiral limit [13, 22] . For degenerate quarks, the explicit form is
where y = m 2 K /(4πf π ) 2 is the usual chiral expansion parameter. For the our range of m 2 K,lat the y ln y contribution is well represented by a linear function. We note in passing that for Wilson fermions there is, in general, an additional term proportional to a/y in Eq. (31) because of the explicit breaking of chiral symmetry. We present results only for the α scales, i.e. the lattice spacings determined by requiring that α MS (2 GeV) = 0.190. These results are collected in Table 2 , and displayed in Fig. 1 . We include the results of an extrapolation to the continuum limit assuming quadratic dependence on a. Note that we do not have results for smeared operators at β = 6.4. Our results are not extensive enough either to test whether the dependence on a is indeed quadratic, or whether terms of higher order than quadratic are needed for our range of lattice spacings. The best confirmation of the validity of the quadratic dependence comes from the work of the JLQCD collaboration, who have more extensive results than ours for both the unsmeared operator and its gauge-invariant version [7] .
We can use our results to estimate the systematic errors arising from the choice of lattice spacings, the truncation of perturbation theory in the matching factors, and the contamination from excited states and off-shell matrix elements.
We begin with the dependence on the choice of lattice spacings. This we estimate by comparing the results using the α scales (listed in Table 2 ) to those obtained using the scales determined from m ρ . The values of B K at each lattice spacing change by no more than 0.002, and the maximum change in the extrapolated value is 0.004. Thus we take ±0.004 for our estimate of this systematic error. This is much smaller than the statistical errors.
The error due to the truncation of perturbation theory in the matching factors can be estimated in two ways. The first, discussed in sec. 2, uses the q * dependence of the result. We take the error to be the difference between the extrapolated results with q * a = 1 and q * a = π. The table shows that this is comparable to the statistical errors. The largest difference is that for the unsmeared operators, and we take this for our estimate, yielding ±0.014. This 3% error is a reasonable estimate for a two-loop correction given that the one-loop matching corrections for unsmeared and smeared operators are ∼ 5 − 15%. Our estimate of this error turns out to be the same as that quoted in our preliminary result [5] , although the method we use here is more reliable, as explained in sec. 2.
The second way of estimating the perturbative error is to compare the results using the two types of operator. If the matching factors were correct then they should yield the same result in the continuum limit. We estimate the error as half the difference between the smeared and unsmeared results at q * a = 1, and thus obtain ±0.012. In fact, this is likely to be an overestimate of the difference in the results from the two operators. This is because there is an extra data point at β = 6.4 for the unsmeared operators, and, as can be seen from Fig. 1 , this shifts the extrapolated result away from that of the smeared operator. Perhaps a better way of estimating the error is to take the ratio of the results using the two operators, and extrapolate this to the continuum limit. This removes the data point at β = 6.4 (since we have no smeared result there), and also accounts for the correlations between the results for the two operators. The results for this ratio are given in Table 2 , and show that although the results from the two operators are significantly different at finite a, they are consistent in the continuum limit. Because of this, we take our estimate of the perturbative error from the dependence on q * . Finally, we discuss the errors due to contamination in the matrix elements from excited states and off-shell contributions. The only excited state which is allowed to contribute by the symmetries is the π ′ , i.e. the radially excited pion. There are no contributions from ρ mesons (a point not realized in Ref. [5] ). As mentioned in Section 3, the size of the first effect can be estimated by comparing the results with the two sets of sources (t 1 = 0, t 2 = 72 versus t 1 = 0, t 2 = 48), while off-shell contamination can be estimated by studying B K (t) in regions where the off-shell contributions dominate. We find that the combined shift in B K , after averaging the results from the two operators, and extrapolating to the continuum limit, is ≈ −0.003. Since this estimate is approximate and small, we do not include this shift in our final result, but instead include it as part of the above overall systematic error.
Putting this all together, we can now quote our final result. For the central value we use q * = 1/a, and take the average of the results from the two operators. We use the larger of the statistical errors (that for the unsmeared operators). And we estimate the overall systematic error by combining linearly those from the choice of lattice scales (0.004), from the truncation of perturbation theory (0.014), and from the contaminations (0.003). Thus we quote B K (NDR, 2 GeV) = 0.62 ± 0.02(stat) ± 0.02(syst) .
This result is consistent with our preliminary number quoted in Ref. [5] (0.616±0.020±0.017), although the precise agreement is somewhat fortuitous given that our method of matching has been improved. Our results for the unsmeared operator can be checked by comparing them to those from the JLQCD collaboration [7] . They have results at β = 6.0, 6.2, and 6.4, on lattices of the same spatial sizes as ours, but with statistical errors two or three times smaller. They also have results on larger lattices at β = 6 and 6.4, and at smaller values of β. A direct comparison is possible because they use a method of matching and determining α MS which is very close to ours if we set q * = 1/a. At β = 6 and 6.2, our results are larger by about 0.025, a two standard deviation difference. At β = 6.4 our number is consistent with theirs from a 32 3 spatial lattice. They find, however, that B K decreases on larger lattices, suggesting that our number at β = 6.4 may be afflicted by finite size errors. Nevertheless, our extrapolated value is only 1.5 standard deviations (i.e. 0.03) above theirs. This comparison gives us confidence that our results are correct within the quoted errors, and in particular that our procedure of doubling the lattice in the time direction has not introduced additional systematic errors.
The JLQCD collaboration has also used the gauge-invariant version of the unsmeared operator. Averaging this with the Landau gauge operator, they quote a preliminary result B K (NDR, 2 GeV) = 0.587 ± 0.007(stat) ± 0.017(syst), or adding errors in quadrature: B K = 0.59±.02. The agreement with our result of B K = 0.62±.03 is gratifying, since the operators we use have entirely different perturbative and power corrections. 8 We note that the both calculations are systematics limited, and that of the systematic errors, the most important one quoted by JLQCD is estimated by comparing results for different operators. In their preliminary report, JLQCD ascribes such differences to terms of order α MS (µ) 2 , where µ = 2 GeV is the conventional scale at which the answer is quoted. On this point we disagree in principle. We certainly agree that errors of order α MS (µ) n are introduced when one uses n-loop evolution to the final scale, but these corrections are universal and should not appear as differences between lattice operators. If, for example, we compare our one-loop corrected smeared and unsmeared operators, the connection between the two is Q
where we have taken the same q * = K/a in renormalizing both operators.
vanishes as a → 0, we conclude that when correctly extrapolated, the operators should give the same result at a = 0. Of course one would need rather precise data to make a fit including the α MS (K/a) 2 term, but in principle it could be done if more precision were required. If one uses a simple a 2 extrapolation, however, the α 2 term in Eq. (33) will not extrapolate to zero, but instead to an artifact of size α MS (q * ) 2 .
5 Results for B
3/2 7
and B
3/2 8
We have evaluated B
3/2 7
3/2 8
using almost the same method as for B K . The only difference concerns the extrapolation to the physical kaon mass. This we have done separately for matrix elements appearing in the numerator and denominator of the definitions Eqs. (6) and (7), prior to the evolution from q * to µ = 2 GeV. Our results are summarized in Table 3 . The most striking feature is the very strong q * dependence of the results for unsmeared operators. Indeed, as one goes from q * = π/a to 1/a, which causes α MS (q * ) to increase by roughly 40%, B 3/2 7,8 change sign because the negative oneloop matching contribution exceeds the tree-level contribution. Clearly, we cannot use oneloop matching for the unsmeared operators. We stress that the large perturbative corrections for unsmeared operators do not invalidate the results for smeared operators. There will always be choices of discretization procedure for which the perturbative series is poorly convergent at the lattice spacing one is working.
For completeness we mention that we expect a similar problem to render the gaugeinvariant unsmeared operators unsuitable for a calculation of B 3/2 7,8 . The dominant contribution to the matrix elements comes from the PP part of the operator. Since this part of the operator is local, and does not require gauge links, it is the same as the corresponding part of the unsmeared operator. But it is this part of the unsmeared operator which leads to the bulk of the large one-loop matching corrections seen in sec. 2. Although in principle it is possible these large corrections will be canceled by the as yet uncalculated contributions from the other parts of the gauge-invariant operator, this seems unlikely in practice.
The situation is much improved for the smeared operators-the q * dependence, while more significant than for B K , is only at the 10% level. This is a much larger uncertainty than the statistical errors or that due to the choice of lattice spacings, or that from the 9 Using a different choice of q * for the two operators would lead to an additional factor coming from the evolution between the two scales. However, since this factor tends to unity in the continuum limit, our conclusion is unaltered. 
where the systematic error is our estimate (based on the q * variation) of the uncertainty due to the truncation of perturbation theory.
It is interesting to compare our staggered results with those from Wilson fermions. While a continuum extrapolation is not yet available, the results at β = 6.0 [9] are 
The central values and error bars have been determined in the same way as in this paper. Obviously the agreement is already rather good, and indicates indirectly that the O(a) errors in the Wilson case are not particularly large. This is in contrast to the case of B K , where the explicit breaking of chiral symmetry disrupts the delicate cancellation between the VV and AA matrix elements, and gives dramatically large O(a) errors. For B 7 and B 8 the result is dominated by the PP matrix element, with no particular constraint from chiral symmetry, presumably yielding more moderate O(a) errors.
Non-perturbative results for matching constants
It is clear from the results of the previous two sections that using finite order perturbation theory to match lattice and continuum operators is an important source of uncertainty in results for matrix elements. In this section we investigate the accuracy of perturbative matching factors by calculating some of them non-perturbatively. In particular, we are able to assess the accuracy of the perturbative matching factor for the quark mass, Z m , which is an important ingredient in determining continuum quark masses. The basic idea is simple, and has been applied extensively with Wilson fermions. A given continuum operator can be discretized in different ways, each discretization having an associated matching factor. Only if these matching factors are chosen correctly will the different choices yield the same matrix elements. This allows a non-perturbative determination of the ratio of matching factors. Note that in such ratios the anomalous dimension factors cancel, implying that the ratios are finite functions of the lattice coupling.
In this section, we apply this idea to the pseudoscalar and axial densities. It could, in principle, be applied also to four-fermion operators such as Q K , but this requires studying a matrix mixing problem, and thus using several external states, and is beyond the scope of the present work. We only consider operators for which the matching is diagonal.
Our notation in this section differs from that used above. We use P UN , for example, to refer to the bare lattice operator constructed of unsmeared fields,
In other words, we do not include the matching factor in the definition of P UN . The matching equation becomes [cf. Eq. (16)]
Here we have used the fact that for the matrix elements of interest the corrections are quadratic in the lattice spacing. Similar definitions apply to P SM , A UN µ and A SM µ . We also need to introduce the gauge-invariant version of the axial current A GI µ , which is the unsmeared current with appropriate gauge links included. Note that P GI = P UN , i.e. the unsmeared pseudoscalar density is already gauge invariant since it is local.
The quantities we determine non-perturbatively are
and Z UN
A . The first we obtain starting from the result
from which we find the non-perturbative estimate
The equations for
are identical except that P is replaced by A 4 . The one-loop perturbative results for the relevant ratios are
The determination of Z UN A proceeds slightly differently. We note that the gauge-invariant axial current is partially conserved on the lattice, implying that Z 
UN . This is sufficient as long as the matrix element involves non-zero momentum transfer. Note that the lattice partial conservation equation is exact as long as we use the appropriate lattice derivative [23] . Putting this all together we arrive at 1 Z
where m q /u 0 is tadpole improved quark mass, and m K is the mass of the K 0 G . All quantities on the r.h.s. of this equation are in lattice units. We have used sinh(m K ) on the r.h.s., rather than m K itself, because if we replace A UN 4 by A GI 4 then the ratio on the r.h.s. is exactly equal to unity. In other words, sinh(m K ) is the appropriate kinematical factor for the exactly conserved current. We choose to keep it for the unsmeared current in the hope that it will reduce the size of the O(a 2 ) terms. The perturbative expression to which Eq. (45) should be compared is 1
Note that if we had used the average link in Landau gauge to determine u 0 , rather than the average plaquette, then Z UN A = 1 at one-loop order. We determine the required ratios of matrix elements using the quantities previously used to determine the vacuum saturation approximants appearing in the B-parameters. For example, consider the ratio
For t 1 ≪ t ≪ t 2 this should be independent of t and gives directly (Z
corrections. We average R P (t) over the same plateau regions as for the B-parameters. Similar ratios are used for the other quantities.
The resulting data for Z 2 ) discretization error, because any physical dependence cancels in the ratio of matrix elements, We remove this error by extrapolating to the chiral limit. We do a similar extrapolation for 1/Z UN A , although the dependence on m 2 K is much weaker, presumably because of the sinh(m K ) factor in Eq. (45).
Our non-perturbative results for the ratio of smeared to unsmeared matching factors after chiral extrapolation are collected in Table 4 . What is most striking is the substantial dependence on lattice spacing, particularly for the ratio of Z P 's. This is due to a combination of O(a 2 ) discretization errors and the variation of the perturbative matching factors which depend on g 2 (a). To analyze these results we assume the following form for the ratios
Quantity Method where the one-loop results are given above, and Λ is an unknown constant. In other words we ignore completely higher powers of a, and assume that higher powers of α are well represented by the appropriate choice of q * = K/a. The difference RATIO(non-pert)−RATIO(one-loop) should then, for the right choice of q * , extrapolate to zero in the continuum limit. Conversely, one could regard this procedure as providing an approximate non-perturbative definition of q * . To show the individual variations in the perturbative 10 and non-perturbative results we give, in Table 4 , the continuum value for each obtained by linear extrapolation in a 2 . We do this for our two standard choices q * a = 1 and π. What we find remarkable is that, modulo the simplifying assumption of Eq. (48), the non-perturbative and perturbative predictions agree if we use q * ≈ 1/a but not for q * ≈ π/a. The discrepancy for q * = π/a is particularly significant for Z Table 5 , behave very differently. There is very little dependence on the lattice spacing-presumably because the unsmeared current is very similar to the gauge-invariant current for which all the numbers in the table would be unity independent of lattice spacing. In fact, the errors are such that an extrapolation to a = 0 is not useful, and so we compare our results to perturbation theory at each lattice spacing. The results are reasonably consistent, but we cannot distinguish between different values of q * in this case. An important application of the above results is to estimate the reliability of the one-loop result for the matching factor Z m . This factor converts the lattice results for quark masses to a continuum scheme like MS, as discussed in Ref. [12] . The perturbative result, after tadpole improvement is
where for simplicity we have chosen to consider the case where the final scale µ equals the matching scale q * . The one-loop correction to Z m is large at typical lattice spacings. For example, at β = 6, and taking q * = 1/a, Z m = 1.598. This suggests that higher order corrections may be important. We can, however, rewrite Z m as
The results of Table 4 show that the bulk of the perturbative correction lies in the first factor, Z SM P /Z UN P . At β = 6 it is 1.462, while the second factor is 1.136 (again for µ = q * = 1/a). Thus, one would expect that the dominant source of higher order terms in Z m is the first factor, and that the uncertainty which they introduce could be substantially reduced by obtaining a non-perturbative estimate of this factor. We have attempted such an estimate above, with the preliminary conclusion that perturbation theory with q * = 1/a works to within a few percent, aside from discretization errors. If we accept this result then we obtain the partly non-perturbative estimate 11 Z m = 1.462 × 1.136 = 1.66. The point we wish to stress is that this is not very different from the one-loop estimate of 1.60. In particular, the difference is much smaller than the naive estimate of the two-loop contribution, 0.6 2 = 0.36, based on the assumption of geometric growth. This analysis thus suggests that the one-loop perturbative value of Z m used in the analysis of quark masses is good to about 5% for β ≥ 6.0 provided one uses α MS (q * ≈ 1/a).
Conclusions
In this paper we have presented a variety of results for weak matrix elements using staggered fermions. Our major focus has been on the importance of using a variety of discretizations of continuum operators. There are two reasons for doing so. First, comparing results with different lattice operators gives an estimate of the uncertainty in the matching factors between continuum and lattice operators. For B K this may be the dominant source of error in future calculations, aside from that due to quenching. Second, for some operators the perturbative matching factors are not convergent at present couplings, and so one must use different discretizations. It turns out that the smeared operators have uniformly moderate perturbative corrections. Using them we are able to obtain the first results for B
3/2 7
and B 3/2 8 using staggered fermions.
Our results for the B-parameters confirm and extend existing lattice results. In particular, for B K we find that smeared operators give results consistent with those from unsmeared and gauge-invariant operators. We confirm the low value found in our preliminary study [5] , 11 It is not advantageous to directly use the non-perturbative results, e.g. Z a result which has been improved and extended by the JLQCD collaboration [7] . For B
3/2 8
we find results consistent with those using Wilson fermions. All these numbers are important inputs into analyses attempting to constrain the CKM matrix. It is encouraging that the errors we are considering are at the few percent level. It is important to stress, however, that we are still using the quenched approximation, and also working with a kaon composed of degenerate quarks. For a discussion of the importance of these approximations see Refs. [1, 13] .
As an offshoot of our study, we have calculated several ratios of matching factors nonperturbatively. These ratios are finite functions of the lattice coupling, and thus allow a test of tadpole improved perturbation theory. We find that one-loop perturbation theory works well if we set the scale in the one-loop coupling, α MS (q * ), to be q * = 1/a, but not for q * = π/a. This is consistent with the expectations of Ref. [16] . This conclusion is, however, preliminary because we have results only at two lattice spacings. To convincingly disentangle discretization errors from perturbative corrections will require precise results at several lattice spacings.
We have used the results for ratios of matching factors to make a partly non-perturbative estimate of the size of the matching factor for the quark mass, Z m . Our result is ∼ 5% higher than the one-loop perturbative result. This is a small enough change that it does not alter the essential conclusion of Ref. [12] , namely that light quark masses are considerably smaller than previously thought.
Finally, we note that our results show many examples of significant discretization errors. To make progress with simulations of full QCD, where one is restricted to larger lattice spacings, it may be necessary to improve the staggered fermion action.
